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Abstract We show the existence of smooth stationary solutions for the inelastic Boltzmann
equation under the thermalization induced by a host medium with a fixed distribution. This
is achieved by controlling the L”-norms, the moments and the regularity of the solutions to
the Cauchy problem together with arguments related to a dynamical proof for the existence
of stationary states.

1 Introduction

The dynamics of rapid granular flows is commonly modelled by a suitable modification
of the Boltzmann equation for inelastic hard-spheres interacting through binary collisions
[21, 45]. As well-known, in absence of energy supply, inelastic hard spheres are cooling
down and the energy continuously decreases in time. In particular, the Boltzmann collision
operator for inelastic hard spheres admits only trivial equilibria. This is no more the case if
the spheres are forced to interact with an external agency (thermostat) and, in such a case,
the energy supply may lead to a non-equilibrium steady state. For such driven system (in
a space homogeneous setting), the time-evolution of the one-particle distribution function
f(, 1), veR? t> 0 satisfies the following

o f=1Q(f, H+3(f), (1.1)
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where T > 0 is a given constant, Q(f, f) is the inelastic Boltzmann collision operator, ex-
pressing the effect of binary collisions of particles, while G(f) models the forcing term.
There exist in the literature several physical possible choices for the forcing term G
in order to avoid the cooling of the granular gas: stochastic heating, particles heating or
scaled variables to study the cooling of granular systems and even a nonlinear forcing term
given by the quadratic elastic Boltzmann operator has been taken into account [29]. These
options have been studied first in the case of inelastic Maxwell models [5, 6, 10, 11, 14, 15,
17,19, 23, 24, 44]. The most natural one is the pure diffusion thermal bath for which

G(f)=nAf (1.2)

where u > 0 is a constant, studied in [30, 39] for hard-spheres. Such a forcing term cor-
responds to the physical situation in which granular beads receive random kicking in their
velocity, like air-levitated disks [12]. Another example is the thermal bath with linear friction

G(f) =nAf +rdiv(vf), (1.3)

where A and p are positive constants. We also have to mention the fundamental example
of anti-drift forcing term which is related to the existence of self-similar solution to the
inelastic Boltzmann equation:

G(f)=—«div(vf), «>0. (1.4)

This problem has been treated in [37, 38, 41] for hard-spheres. For all the forcing terms
given by (1.2), (1.3), (1.4) it is possible to prove the existence of a non-trivial stationary
state F' > 0 such that

tQ(F, F)+G(F)=0.

Moreover, such a stationary state can be chosen to be smooth, i.e. F € C*®°(R?). Finally,
even if the uniqueness (in suitable class of functions) of such a stationary state is an open
problem, it can be shown for all these models that, in the weakly elastic regime in which
the restitution coefficient is close to unity, the stationary state is unique. For an exhaustive
survey of the “state of art” on the mathematical results for the evolution of granular media
see [45].

We are concerned here with a similar question when the forcing term G is given by a
linear scattering operator. This corresponds to a situation in which the system of inelastic
hard spheres is immersed into a so called thermal bath of particles, i.e. G is given by a linear
Boltzmann collision operator of the form:

G(f)=BLf.Fi]

where F; stands for the distribution function of the host fluid and B[, -] is a given colli-
sion operator for (elastic or inelastic) hard-spheres. The precise definition of G is given in
Sect. 2.1.

This kinetic model has been derived by means of a suitable asymptotic limit of binary
mixtures, for example in [16] for the elastic case in the Maxwell molecules frame. For hard-
spheres interactions, the model has already been tackled for instance in [8, 9] in order to
derive closed macroscopic equations for granular powders in a host medium. Let us also
mention the work [7] that investigates the case of a particle bath made of elastic hard-
spheres at thermodynamical equilibrium (i.e. F; is a suitable Maxwellian). The deviations
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of the steady state (which is there assumed to exist) from the Gaussian state are analyzed
numerically. For inelastic Maxwellian molecules, the existence of a steady state for a particle
bath has been obtained in [23]. To our knowledge, the existence of a stationary solution of
(1.1) for particle bath heating and inelastic hard-spheres is an open problem and it is the
main aim of this paper.

Our strategy, inspired by several works in the kinetic theory of granular gases [30, 37] or
for coagulation-fragmentation problems [4, 28], is based on a dynamic proof of the existence
of stationary states, see [23, Lemma 7.3] for a review. The exact “fixed point theorem” used
here is reported in Sect. 2.2. The identification of a suitable Banach space and of a convex
subset that remains invariant during the evolution, is achieved by controlling moments and
L?-norms of the solutions. In Sect. 3, we present regularity properties of the gain part of
both collision operators Q and G in (1.1). Then, in Sect. 4 we get at first uniform bounds
for the moments and the Lebesgue norms; in addition, we prove the strong continuity of
the semi-group associated to (1.1), and the existence and uniqueness of a solution to the
Cauchy problem. All this material allows to obtain, in Sect. 5, existence of non-trivial sta-
tionary states. Finally, Sect. 6 contains the study of regularity of stationary solutions. Many
technical estimates involving the quadratic dissipative operator Q( f, f) are based on results
presented in [20, 37, 38, 43] and in the references therein, but their extension to the linear
inelastic operator G(f) is not trivial at all for the following reasons. First, since G is not
quadratic, it induces a lack of symmetry particularly relevant in the study of propagation
of L?-norms. Second, since the microscopic collision mechanism is affected by the mass
ratio of the two involved media (thermal bath and granular material), Povzner-like estimates
for G are not straightforward consequences of previous results from [30]. Along this work
we have put our emphasis on the new technical difficulties stemming from the linear in-
elastic operator, although we have included a sketch of the ideas, strategy and proofs in
[30, 42, 43] for completeness. Let us finally mention that our analysis also applies to linear
scattering model which corresponds to the case T = 0. For such a linear Boltzmann operator,
we obtain the existence of an equilibrium solution, generalizing the results of [34, 36, 44] to
non-necessarily Maxwellian host distribution.

2 Preliminaries

Let us introduce the notations we shall use in the sequel. Throughout the paper we shall use
the notation (-) = /1 + | - |2. We denote, for any € R, the Banach space

L,‘]:{f:]R3—>]Rmeasurable; ANy ::/ |f(v)|(v)"dv<+oo}.
R3

More generally we define the weighted Lebesgue space L] ®3) (p €[l,+00), n €R)
by the norm

1/p
g =| [ r@rwma] .

The weighted Sobolev space W,*?(R?) (p € [1,+00), n € R and k € N) is defined by
the norm
1/p

— N p
e D

IsI<k
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where 9; denotes the partial derivative associated with the multi-index s € NV. In the par-
ticular case p =2 we denote H, = W}*. Moreover this definition can be extended to H;
for any s > O by using the Fourier transform.

2.1 The Kinetic Model

We assume the granular particles to be perfectly smooth hard spheres of mass m = 1 per-
forming inelastic collisions. Recall that, as usual, the inelasticity of the collision mecha-
nism is characterized by a single parameter, namely the coefficient of normal restitution
0 < € < 1. To define the collision operator we write

QAL N=Q (f, H—Q (f. ), 2.1
where the “loss” term Q™ (f, f) is
Q (f, Hw) = f(f = vD), (2.2)

and the “gain” term Q% (f, f) is given by

1
2me?

Q" (f, Hv) = A;z /S2 lg -nlf(0) f(@)dndw,

where ¢ = v — w is the relative velocity, n € S? is the unit vector in the direction of impact,
and ('v,’w) are the pre-collisional velocities that result in v and w after collision. They read
as

"D=v— g(qm)n, "W =w+ g(cpn)n, (2.3)

with ¢ = 1% (notice that we always have % < ¢ < 1). The weak formulation of the gain
term reads as

1
/ Q" (f, H WY () dv= o / / f) fw)lg -n|/ ¥ (V') dndw dv, 24
R3 T Jr3 JR3 s?

where v(-) is a suitable test function and v’ is a post-collisional velocity. We refer the
reader to [22, Appendix] for more details on the weak and strong forms of inelastic collision
operators. The collision transformation that puts v and w into correspondence with the post-
collisional velocities can be expressed as follows:

v'=v—2¢(g-n)n, W =w+¢(g-n)n. (2.5)

By making use of the following identity [13, 26],

1 —
/ G- p(g-m)dn= / p <w> do 2.6)
§2 4 SZ 2

for any function ¢, with § = ¢/|q|, we can rewrite the operator both in strong form as

1
Q+(f,f)(v)=4 2/ / lv—wl|f(v)f(w)dodw,
TeE” JR3 Js?
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where the pre-collisional velocities read as

’

/v=v+2i(|q|a_q), w=w— 2 (qlo —q). 27
€ 2e

and in weak form (that will be the main tool in the rest of the paper) as

1
/ Q" HY W= / / F) @)l / W) dodwdy,  (28)
R3 T JRr3 JR3 s?
with
Lt L
v=v+Zglo—q),  w=w-3(qlo—q). 2.9)

Using the symmetry that allows us to exchange v with w in the integrals we obtain the
following symmetrized weak form

1

/}R2 Qf, HWY(v)dv = 5/}}@ /RSf(v)f(w)IQIA;[w](v,w)dwdv, (2.10)

where
1
Ay 1w, w) = - fg2<w<v/) ) — ¥ () — P (w)) do. @.11)

The inelastic Boltzmann operator Q( f, f) satisfies the basic conservation laws of mass
and momentum, obtained by taking s = 1, v in the weak formulation (2.10), since A [1] =
A;[v] = 0. On the other hand, in the modelling of dissipative kinetic equations, conservation

of energy does not hold. In fact, we obtain A, [|v P1=— % |v — w|? from which we deduce

1—¢?
8

[ et ponpaw=-225 [ [ v-wlroswad, e
R3 R3 JR3
where we observe the dissipation of kinetic energy. In the absence of any other source of
energy, the system cools down as t — oo following Haff’s law as proved in [37].

As already said in Introduction, the forcing term G arising in the kinetic equation (1.1)
is chosen to be a linear scattering operator, corresponding to the so called particle bath
heating,

1
G(F0) = LW = 5~ /R 3 /S g0l [ @I @) — F@F@)] dudn 213)

2
where A is the mean free path, ¢ = v — w, and v,, w, are the pre-collisional velocities which
result, respectively, in v and w after collision. The collision mechanism related to the linear
scattering operator is characterized by

(v—w) -n=—e(v, —w,) - n, (2.14)

where 0 < e < 1 is the constant restitution coefficient (possibly different from €). Here, we
will consider a similar separation of the operator into gain and loss terms, £(f) = L1 (f) —
L7 (f), with obvious definitions. Here the host fluid is made of hard-spheres of mass m;
(possibly different from the traced particles mass m = 1) and the distribution function F; of
the host fluid fulfills the following:
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Assumption 2.1 F, is a nonnegative normalized distribution function with bulk velocity
u, € R? and temperature ®, > 0. Moreover, F, is smooth in the following sense,

F, € H;(R%), Vs5,86>0
and of finite entropy ng Fi(v)logF;(v)dv < oo.

Remark 2.2 1t is well-known [2, Lemma 4] that for such F; there exists some x > 0 such
that

1

v(v) := —/ / [(v—w)-n|Fj(w)dwdn > x+/1+|v*? Vve R, (2.15)
2w A R3 Js?

The finiteness of entropy is not necessary to get this inequality, but it shall be essential

later on. A particular choice of the distribution function F;, corresponding to a host fluid at

thermodynamical equilibrium, is the following Maxwellian distribution

(o) — NEIRY mi(v—u;)? 3
1(v) =M, (v) = ey exp e, |’ veR. (2.16)

Notice however that our approach remains valid for more general distribution function.

For particles of mass m = 1 colliding inelastically with particles of mass m, the restitu-
tion coefficient being constant, the expressions of the pre-collisional velocities (v,, w,) may
be written as [21, 44]

v*=v—2a1_ﬁ(q-n)n, w*=w—|—2(1—a)1_'3(q-n)n,
1-28 1-2p
where « is the mass ratio and 8 denotes the inelasticity parameter
m 1—e
= 1+]m1 €(,1), B= €0, 1/2).
The post-collisional velocities are given by
v =v—2a(l—B)(g -n)n, w'=w+2(1-a)(1-p8)(¢g-n)n. 2.17)

As for the quadratic operator, by making use of the identity (2.6) we can rewrite the linear
operator as

1
L(f)(v):4—/ / lg|[e f@IF1(0.) — f()F(w)] dwdo (2.18)
TA R3 Js?
with
. 1-8 . . 1-8
v*—v—al_zﬁ(q—lqla), W, =w + ( —a)l_zﬂ(f]—|fI|0)~

For such a description, the post-collisional velocities are
v'=v—a(l=B)(q—lqlo), w'=w+{1—-a)1—-p)(@q—Iqlo). (2.19)
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We consider Eq. (1.1) in the weak form: for any regular ¢ = ¥ (v), one has

T

d
@ / f(v,t)w(v)dv=—/. / S, 0) f(w,0)lgl A [¢¥](v, w)dwdv
t R3 2 R3 JR3

1
+—/ / lg1f, HF (W) Te[¥](v, w)dvdw (2.20)
)\ R3 JR3
where

1 1
Jel¥1v, w) = —— /sz G -0l (Y @) =y @) dn=— | (¥@) ¥ () do.

o 4 S2
2.2 Proof of Stationary States: Basic Tools and Strategy

As stated in the Introduction, the final purpose of this paper is to prove the existence of a
non-trivial regular stationary solution F > 0 to (1.1). Namely, we look for F € L',F>0
such that

tQ(F, F) + L(F) =0. 2.21)

Remark 2.3 Notice that such a problem is trivial in the elastic case € = 1 and whenever
F, is the Maxwellian distribution (2.16). Indeed, in such a case, the Maxwellian equilib-
rium distribution M? of £ provided by [34, 36, 44] is a stationary solution to (1.1) since
Q(M?, M%) = 0 (elastic Boltzmann equation) and £(M?) = 0.

The main ingredients are to show the existence of fixed points for the flow map at any
time, and thus a continuity in time argument of the semi-group that allows to identify this
one-parameter family of fixed points as a stationary point of the flow. Contraction estimates
in Fourier-based distances were used in the Maxwellian case [10, 23] to derive the fixed
points of the flow map at any given time. Moreover, due to the strict contraction of the
distances they were unique. These contraction estimates are not available in the hard-spheres
case but they can be substituted by the Tykhonov Fixed Point Theorem as previously done
in [4, 28, 30, 37] for the existence part. Uniqueness of stationary solutions is an open issue
in our case. The exact result that will be used can be summarized as:

Lemma 2.4 (Dynamic proof of stationary states [4, 28, 30, 37]) Let Y be a Banach space
and (S;);>0 be a continuous semi-group on Y such that

i) there exists Z a nonempty convex and weakly (sequentially) compact subset of Y which
is invariant under the action of S, (that is S,z € Z for any z € Z and t > 0);
ii) S; is weakly (sequentially) continuous on Z for any t > Q.

Then there exists zo € Z which is stationary under the action of S, (that is S;zo = zo for any
t>0).
The strategy is therefore to identify a Banach space Y and a convex subset Z C Y in

order to apply the above result. To do so, one shall prove that

e forany fy € Y, there is a solution f € C([0, 00), Y) to (1.1) with f(r =0) = f;
e the solution f is unique in Y and if fy € Z then f(¢) € Z for any ¢ > 0;
e the set Z is (weakly sequentially) compactly embedded into Y;
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e solutions to (1.1) have to be (weakly sequentially) stable, i.e., for any sequence (f;,), C
C([0, 00), Y) of solutions to (1.1) with f,(¢) € Z for any ¢ > 0, then, there is a subse-
quence ( f, )x Which converges weakly to some f € C([0, 00), Y) such that f is a solution
to (1.1).

If all the above points are satisfied by the evolution problem (1.1), then one can apply
Lemma 2.4 to the semi-group (S;);>o which to any f, € Y associates the unique solution
f(@) =S fo to (1.1). Moreover, the regularity properties of the gain part of the operators
[37] shall provide us the needed regularity to show the existence of smooth stationary states.

3 Regularity of Gain Operators
We recall the following result, taken from [37, Theorem 2.5, Proposition 2.6] and based on
[20, 35], on the regularity properties of the gain part operator Q" (g, f) that we state here

only for hard-spheres interactions in space dimension N = 3.

Proposition 3.1 (Regularity of the gain term Q%) For all s, n > 0, we have

ot N

pet <€ [Iglg 1 g, + gl 171 ]
where the constant C(s,n,€) > 0 only depends on the restitution coefficient € € (0, 1],

s and 1. Moreover, for any p € [1,00) and § > 0, there exist 0 € (0,1) and a constant
Cs > 0, only depending on p, € and §, such that

/ QT (f, HFP v < Gl FILT AT 9)+8||f||L1I|f||Lp :

On the other hand, the linear operator £( f) is quite similar to the quadratic Boltzmann
operator associated to hard-spheres interactions and constant restitution coefficient e by fix-
ing one of the distributions. In fact, it is possible to obtain the following similar result:

Proposition 3.2 (Regularity of the gain term £%) Forall s, n > 0, we have

lc=(H]

pet SCE . [IFls 1 g, + IR I ] G

where the constant C(s,n,e) > 0 only depends on the restitution coefficient e € (0, 1],
s and n. Moreover, for any p € (1,00) and § > 0, there exist g < p and a constant K5 > 0,
only depending on p, e and 8, such that

/ LY dv
R3
< K la £ 155 1 f D +3<IIF1IIL1 ||f||Lp/ ¥y 1F 0Ly IIfIILp ) (3.2)

Proof The proof of these two estimates relies on the same steps as in Sects. 2.2, 2.3 and 2.4
of [37], see also [43]. We need just to have the same basic estimates as in their case. We start
with the proof of (3.1). An expression of the Fourier transform of £ can be obtained as:

1
FlLrDO]® ZZ/R exp(—i§ - v)£+(f)(v)dv—ﬂ G, & )do
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with G (v, w) = |[v — w| f (V)F(w), G its Fourier transform with respect to (v, w) and
fr=010-al—pB)E+al - plslo, §-=a(l—pB)§ —a(l—p)lélo.

With this expression at hand, it is immediate to generalize to £ the regularity result in [37,
Theorem 2.5, Proposition 2.6] giving (3.1).

Now, let us prove the second result. We first notice that, as in [3], the gain operator £+
admits an integral representation. Actually, even if it is assumed in [3] that F, is given by
the Maxwellian distribution (2.16), a careful reading of the calculations of [3] yields

L f(v) = / F)k(, w)dw, (3.3)
]R3

where

1

2€2V2|U —w| V- (w—v)=0

1—2y
kv, w) = Y

F, (v + Vo + (w— U)) dv,

with y =« % andy =1 —«) % Arguing as in [37], we define the operator 7 related

to the Radon transform:

1
T:gel'®, dv)— Tgw) = ol g(pv+2z)dz
Ul Jz1w
where u =1 — % For any h € R?, let 7, denote the translation operator T, f (v) =
f(v—h), for any v € R3. Then, for any g € L' (R3, dv), one sees that

1
(twoT)(QW) = —— glu(v —w)+2)dz
v —w| 7L (v—w)

1

= g(v—w-l-z—l—
|v - w| zl(v—w)

1-2y
2y

(w— v)) dz, Vv, weR.
Choosing g = 7_, F, leads to the following expression of the kernel k(v, w):

k(v, w) = L[rw 0T o1_yu](F)(v), v,welR.
2e2y2
This previous computation is at the heart of the arguments of [37, Theorem 2.2], from
which one gets a version of Lions” Theorem [31-33] for a suitable regularized cut-off kernel
with collision frequency of the form B,, ,(|¢|, § - o) = ®s, (|g])bs,, (G - o), with &, smooth
and with compact support [%, n], and bg, smooth and supported in [—1 + % 1— %]. More

precisely, defining the smoothed-out operator in angular and radial variables L;m" as in
[37, Sect. 2.4]:

1
4 Le?

Lt ()= / / Bualgl,d - 0) f WIF (w,) dwdo (3.4)
R3 J§2

then, for any n € R* and any p > 1, there is C(p, n, m, n) > 0 depending only on p,  and
(m, n), such that

123, (Dllg = Cnom mIF gl £y (3.5)
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for some g < p given by ¢ = :ij»—[;p if p € (1,6] while ¢ = £ if p € [6,+00) (see [37,

Corollary 2.4]). In particular, Holder’s inequality leads to

p—1

/R £y (P v s ( /R 3 f”dv> "IEE (Dller < COon I IR o 112"

for some explicit constant C (m, n) > 0.
Similarly, one can define the remainder part of £* which splits as

+_ pt+ _.pt _ rt + +
L Esm,n — ERm,n - ﬁRSmm + £SRmﬁ + ERR,,,Y”

with
1 o
Lig (D= 1o /R 3 /S @, (1gbs, G 0) f@F1(w,) dudo,
1 ~
Lo, (D=1 /R 3 /S @5, (qDbe, @ ) f@F 1w dudo,
1
Lin, (D=1 /R 3 /S @, (1gbs, @ o) FWIF () dudo,

where @, (Iq]) = |q| — @5, (Iq]) and bg, (G -0) =1 —bs, (G -0), g € R?, o € S*. Holder’s
inequality provides

/ Ch (O do < A1 1Lk, (Ol
R3 ' 1/p : -1/p'

/

: ’ 1 1 _ : p + + +
with p” such that 7 4- -5 =1, hence we have to estimate L} norms of L. . Lgs, .+ Lgg,,

forn=—-1/p’.
One can easily use [37, Theorem 2.1] to prove that, for any n € R,

+ +
”‘CSR'":" (f) + l:RRmv" (f)”L'l?) = S(m) (”Fl ”I‘Ill+nl+\nl ”f”Lf-Hi T ”f”LIIIMIHn\ ”Fl ”Lf'Hi)

for some explicit constant ¢(m) that, since the angular part of the collision kernel is such
that lim,, o0 |Dg,m || 1 s2) = 0, converges to 0 as m goes to infinity.

It remains to estimate the norm of E;Sm . (f). We follow now the lines of [42, Chap. 9,
p. 395] (which differs slightly from [37, Proposition 2.6] and is more adapted to the linear
case). Precisely, we split f as f = f, + frc = f(V) X{jvi=r) + f (V) X{jv|>r) fOr some r > 0.
Then, as in [42, p. 395], there is some positive constant C > 0 such that

,
+
1€ ks, (Flly = € IF L I,

[2+n1+In]

while

A
m
+
1€ ks, (Fredlly = C—=11 £l IFillzp,

[2+7]+Inl

with A > 0.
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Gathering all the above estimates we get, for n = —1/p/,

Ch (O o < CIAN (S IR 11l +m—AI|f|| LIF ]
R3 Rimn - L{ n 1 L, L]/p r Ly ! Ll/p

]/p
)4 , p—1
+e(m) <|IF1 7% IIfIIL,l)/p + IIF; IILg/pIIfIIL; IIfIILf/P)

,
P
< (Co e ) IR 717,

mk
_ p—1
+<C p +e(m>) IFlp I 11"

7/1)
The proof follows then by choosing first m large enough then r large enough and subse-
quently n big enough. ]
4 Regularity Estimates for the Cauchy Problem
4.1 Nonnegativeness of the Solution

Let us consider the Cauchy problem
O f=tQ(f. H+LS) >0, fe=0)=fo 4.1)
where fy = fo(v) is a given initial state, f; € L'(R?). Forany f € L', let
S(H@ =1 % H) +v(v) :’/Rs v — w| f(w) dw + (V).

With the notations of the previous section, it is easy to see that any solution f(¢) to (4.1) is
given by the following Duhamel representation:

v, 1) = fo(v)e o EDwds | /0 (xQF(f, )+ L)), )™k ZN@NIrgs - (42)

Since Q* (g, g) > 0 and £*(g) > 0 for any nonnegative g € L' (R?), it is easy to deduce in a
very standard way, see for instance [1], that the solution f (v, t) given by (4.2) is nonnegative
for any ¢ > 0 provided fj is, namely

fow) >0 = f(v,1)>0 Vt>0, veR’
4.2 Evolution of Mean Velocity and Temperature

Let f(v,t) be a nonnegative solution to (1.1). Define the mass density, the bulk velocity

Q(t)=/ fv, 1)dv, u(t)=L/ vf (v, t)dv
R3 o) Jwrs

and the temperature
1
CIOE —/ lv—u®|®f,)dv, Vr>0.
30() Jro
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Note that (2.20) for ¢ = 1 leads to the mass conservation identity o(¢) =0 i.e.
o(t)=0(0):=1.
Now, (2.20) for ¥ (v) = v yields

ﬁ(z):—@[;@ R%|v—wl(v—w)f(v,t)Fl(w)dvdw, V>0

which illustrates the fact that the bulk velocity is not conserved. To estimate the second order
moment of f, let us introduce the auxiliary function:

F(t):/ / v —wl|? f (v, HF; (w) dv dw.
R3 JR3
Notice that
2 3 3
F(t)= lv—w|“f(v,t)dv+ —0O; =30() + |u(t) —uy |+ — ;. 4.3)
R3 m n;

In particular, to obtain uniform in time bounds of the mean velocity and the temperature,
it is enough to provide uniform in time estimates of F(¢). With the special choice ¥ (v) =
|v — u;|? one has

1—¢?
4

1—
At = S [ o~ lghdo = (1 - Ola = -
T s2?

lqI*

while

Te[Y1(w, w) = 2°(1 — B)*|q|* = 20(1 — B) (g, v —uy)
=21 —K)|g> —2«{qg,w—wy), v,welR?

withk =a(l —B) = 5(1+e) € (0, 1) and (-, -) denoting the scalar product. It is easy to see
that

(1—€)t
8

2k(1 — k) / / 3
I a— v —wl|” f(v,)F (w) dvdw
)» R3 JR3

()= — / / Fo. 0 fw, DlgP dvdw
R3 JR3

2
+—"/ / lg1(q, uy — w) f (v, OF, (w) dvdw. (4.4)
}\, R} ]R3

Now, since f]R3 f(v,t)dv =1 for any ¢ > 0, Jensen’s inequality yields

3
=lv—u®l

/ fw, gl dw >
R3

v—/ wf(w,t)dw
R3
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and consequently

//f(v,t)f(w,z)|q|3dudw2/ lv—u@®)P f,1)dv
R3 JR3 R3

3/2
z(/ |v—u(r)|2f<v,r)dv> =(30(1)**
R3

where we used again Jensen’s inequality. In the same way,

3/2
/ / lg1> f (v, OF; (w) dvdw > (f lv—w]?f(v, OF;(w) dvdw) = F@)>.
R3 JR3 R3 JR3

Finally, the third integral in (4.4) is estimated as
/ / lgl{g, w1 — w) f (v, HF(w) dvdw
R3 JR3
sf / lg*lu; — wl f (v, F (w) dvdw
R3 JR3

szf Iv—ullzf(v,t)dv/ |w—u1|F1<w)dw+2/ w — w PF (w) dw
]R3 ]R3 ]R3
< CoF (1)

where

Jgs [w —u PFy(w) dw }

Co=2 — F dw,
0 max{/w'w ) e P (w) du

In conclusion, we obtain

. 1—¢€ 2k (1 — 2C
F < —%(3@@))”2 - %m)w + SEFO == PO 4 pF )
(4.5)
where y; = 2"(1 ) > 0and y, = ﬁ > 0. A simple use of the maximum principle shows
that

2
F(t) < max { (?) , F(O)} . Vi>0.
1

Because of (4.3), this leads to explicit upper bounds of the temperature ® (¢) and the velocity
|u(?) — u;|, namely

2
sup <3®(t) + |a(t) — u1|2> < max { <§> , F(O)] < 00. 4.6)
1

t>0
4.3 Propagation of Moments

To extend the previous basic estimates, in the spirit of [18], we deduce from Povzner-like
estimates some useful inequalities on the moments

Yr(t)Z/ f,npPdv, 120,r>1
R3
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where f(z) is a solution to (1.1) with unit mass. One sees from (1.1) that
Y, () =70,(t) + L, (),
where
0, (1) =/R3 Q(f, H(w, Hv|” dv, L.(1) =fﬂ§3£(f)(v,t)|v|2’ dv.

The calculations provided in [18, 30] allow to estimate, in an almost optimal way, the quan-
tity Q,. One has to do the same for L, () given by

1
Lr(t)=—/ / f@,OF (w)lv = w|Z[| - 1(v, w) dv dw.
)L R3 JR3

To do so, let us derive Povzner-like estimates for £ in the spirit of [30]. The application
of the result of [30] is not straightforward since, obviously, £ is not quadratic and because
of the influence of the mass ratio @ = =L in the collision mechanism. Here, we will write
the mass of particles m even if taken as unity for the sake of the reader. To be precise, we
are looking for estimates of

Tl P10, w) = /|q nl (P = o) dn, r = 1.

To do so, it shall be convenient to write

Tell- P, w) =

g -0 {W (m[v*]*) — ¥ (m|v]*)} dn (4.7)

2rm” Js
where W(x) = x", r > 1. We adopt the strategy used in [30] and write

W (m|v* ) = W (m[v]*) = q.(¥) (v, w) + W (my|w]?) — W (m; [w* ) (4.8)

where
4 (W), w) = (mv*?) + ¥ (my|w*?) = ¥ (mv]*) = ¥ (m|w]?).
Now,
(W) (v, w) = pe (W) (v, W) — 1 (V) (v, W)
with

Pe(W) (v, w) =W (m|v* +mi|wl?) = ¥ (m|v]*) = W (m|w]*)
(V) (v, w) =W (m|v]* +mi|wl?) — W (m[v*]?) — W (m|w*]?).

Applying [30, Lemma 3.1] to the function ¥ with x = m|v|?> and y = m;|w|?, we see that
there exists A > 0 such that

pe(W) (v, w) < A(m|v|2w’ (mi|wl?) + my|w|* @’ (m|v|2)) (4.9)

while, since W is nondecreasing and m |v|? + m|w|> > m|v*|> + m |w*|?, there exists b > 0
such that

(V) (v, w) > bmmy [V* 2 w* P8 (m|v*[* 4+ m|w*]?) .
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One can then write
1o (W) (v, w) > bAW*, w*) (m]v* 2 + my|[w*2)> &7 (m]v* 2 4 my|w* )

where

m|v* [Py w*|?

AW, wY) = .
( ) (m|v*|? + my|w*[?)?

To estimate better the above term A (v*, w*), it will be convenient to parametrize the post-
collisional velocities in the center of mass—relative velocity variables, which, with respect to
the usual transformation (see e.g. [30, (3.10)]) depend on the masses m and m,. Namely, let
us set

*

_ztmltjqlm Wt = 2o mtldlm

m—+m m—+m

where z = mv + mjw, g =v — w and @ is a parameter vector on the sphere S?. The
parameter £ is positive and such that v* — w* = £|v — w|w. In particular, one sees from the
representation (2.17) that 0 < £ < 1. In this representation, one has

|v*|2_

2 292 2
= £ 24 cos )
o (2P mielal? +20m g1zl cos

and

lw* |2 |Z|2+m2€2|q|2—2£m|q||zlcos,u),

- (m+m1)2(

where u is the angle between z and @ . One has then
1
mlv PP = ——— (12 + Cmmi g ). (4.10)
m—+m

One can check that

mniy

* * 2 2
(m ") omy [w*?) = )4{[|Z|2+€2mm1|61|2] —[Iz1> = mm|q*]" cos® u
1

(m+m
+ [eamy —m)lzllg] + (Iz* — €mm|q|?) cos ]

—4€mm|zPlq P cos® ),

i.e.

m 2
(m|v*[*) (my |w*|*) > rE— +ni 7 [Izl2 +£2mm1|q|2] (1 —cos? ).
1

Therefore
AW, wh) > — Gin?
vow) > —— .
(m+m H

1)?
We obtain then an estimate similar to the one obtained in [30]. Moreover, it is easy to see
from (4.10) that

m|v*? + myw*? = € (m]v]® +my|w]?)
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and, arguing as in [30], there exists some constant 7 > 0 such that
. 2,
n [W](v, w) > nsin® w (mfv]* +mi|wl*)" " (mv]* +m|w|?). 4.11)
This allows to prove the following:

Lemma 4.1 (Povzner-like estimates for £) Let W (x) = x", r > 1. Then, there exist positive
constants k, and A, such that

m} .
o= wI 0l w) = A, (Jollwl? + ol wl) + = —wifwl =k (jo + ),
forany v, w € R3.

Proof Bearing in mind that 7,[| - |*"]1(v, w) is provided by (4.7) and (4.8), first of all, since
W (m, |w*|?) > 0, we note that

W (m|v*)?) — W(m|vl*) < q [V, w) + ¥ (mi|w]*) = q.[V](v, w) + m||w|*.

Then, integrating (4.9) and (4.11) with respect to the angle n € S?, one obtains, as in [30,
Lemma 3.3.] and [30, Lemma 3.4], that there are A, and k, > 0 such that, for any v, w € R*:

o=l [ @) g nldn < 4, (Jolwl + o ) =& (1o o),
2rm” Js
and this concludes the proof. ]

The above Lemma (restoring m = 1) together with the known estimates for Q, (¢) allow
to formulate the following

Proposition 4.2 (Propagation of moments) Let f(t) be a solution to (1.1) with unit mass.
Foranyr > 1, let

Y,(t):/ f@, Dv*dv, t>0.
R3

Then, there are positive constants A,, K, and C, that depend only on r,«, B, T, A and the
moments of ¥y such that

%Y,(r) <C, +AY, &) -KY"* @), vi>o0.
As a consequence, if Y, (0) < 00, then sup,., Y, (t) < co.
Proof Recall that %Y, t)=1Q,(@)+ L,(t), where
0, (1) =/R3 Q(f, NHw, D)lvl* dv, L.(1) =/Rsﬁ(f)(v,t)|v|2’ dv.

According to [30, Lemma 3.4], there exist Xr > (0 and 75, > ( such that

0,(1) < AY ()Y, (1) — kY, 1(), 1>0.
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Now, from Lemma 4.1
M0 < A MY s0) + A MY, O+ [ o= il f 0 0F ) dudy
R3 JR3
— kY, y10() — ke Moy )2,

where M, = [o5 |w|*F;(w)dw, s > 1. One has
/3 /3 lv — wllwl* £ (v, HF; (w) dwdv < MY 12(t) + M,y 10
R3 JR
and, denoting ¢/, := sup,, Y1,2(¢) < 00, one has

AM
L) <C, +—L2

kr
Y, (1) — IYH—I/Z(I)

where C, = (cipA, M, + cijpm|M, + m[M,,1,2)/X is a positive constant depending only
ona, B, A, r > 1 and the moments of F,. Gathering all these estimates leads to

d
EY)'(I) < Cr +ArYr(Z) - KrYr+l/2([)

where A, = ‘L’Z cip + lA +Mip >0 and K, = 'L"lg + % < 0. Now, thanks to the mass

x
conservation and Holder’s inequality, one gets Y, i/ (f) > YHI/ r (t) which leads to the

desired result. 0

Remark 4.3 We see from the definition of the positive constants A,, C, and K, that the
above Proposition still holds true whenever t = 0 (i.e. for the linear problem).

4.4 Propagation of Lebesgue Norms

Let us consider now an initial condition f; € L1 N L? for some 1 < p < co. We compute
the time derivative of the L” norm of the solution f(v,t) to (1.1):

s [rrea=c [ orgiprrta—r [ o

+ / LA P dy f L) 7 dv.
R3 R}

Using the fact that fR3 PO (f, f)dv=>0and £~ (f)(v) = v(v) f (v) where the collision
frequency v(v) is given by

1
v(v) = —/ / |(v—w) -n|F;(w)dwdn,
2w A Jr3 Js2
we obtain the estimate:

pdt/ fP(v, t)dv<‘r/ ot(f, /) fr 1dv—l—/ LY P v — /Sv(v)f”(v,t)dv.
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Using the lower bound (2.15), we get

1d
——||f(z>||€psz/ QH(f. N 1dv+f LN = XIFI
p dt

Proposition 3.1 and the conservation of mass imply that, for any § > 0, there is 6 > 0 and
some Cj such that

/ QU NS WA= CIFOIL ™ + 81Oyl f O, .
P
Moreover, Proposition 3.2 implies that, for any § > 0,
/3 LYHF = Gl FONL + 68 (Ilf(t)llflp/ IOl O, ) :
R P P

for some constants C;, C; > 0 that depend only on p, §, n, @, e and the norms of F; in the
spaces involved in (3.2). Recall that there is some M, such that

sup | £ ()l =1+ supf P f (v, 1) dv < M < 0.
>0 t>0 JR3

Now, using Young’s inequality, xy?~! < lxp + ” y" for any x, y > 0, we have

fR LS W CFOIE + G (IIf(t)Ile/ - Mg>

for some constant C3 > 0. Collecting all the bounds above, we get the estimate

1d p-6) » p-1
;Ellf(t)llm <tGCsllf®llz» +8er|If(t)||Lf/P + CillfO)lzy

+C39 <||f(t)llﬁf/ + Mé’) —xIF oI,
=GN + (3aMa+C) = ) IF 01,
+ QO+ oMy = ZIF O,

since || - ||L{’/ > || - || .». Choosing now & such that §(t M, + C3) < x /2, we get the existence
P
of positive constants C4, Cs and Cg such that

1 _ _
—— IIf(t)IIZp <CllFOILS" + CsllFONL" = Col FOIF, + C3 M.

It is not difficult to get then that sup,.q || f(#)|l.r < 0o. This can be summarized in the
following

Proposition 4.4 (Propagation of L”-norms) Let p € (1,00) and fy € L) N LP with unit
mass. Then, the solution f(t) to (1.1) satisfies the following uniform bounds

sup (11£ (0l + 1 ©)ller ) <00
>0
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Remark 4.5 Notice that the fact that F is of finite entropy (see Assumption 2.1) has been
used here above, via the lower bound (2.15), in order to control from below L” norms
involving the loss operator £~ . Whenever t > 0, it is possible then to replace such estimates
involving £~ by others that involve Q. Notice also that, whenever T = 0 (i.e. in the linear
case), only the above constant C4 vanishes and we still have sup,. || f(¢)||L»r < o0.

As a corollary, we deduce as in [37, Sect. 3.4], see also [25], the following non-
concentration result:

Proposition 4.6 (Uniform non-concentration) Let fy be given with unit mass. Assume that

there exists some p € (1, 00) such that f, € Lé N L?. Then, there exists some positive con-
stant vy such that

Vo = / lv—u@®)?f(v,0)dv <1/vy, V>0,
R3
where f(v,t) is the solution to (1.1) with f(0) = fy and u(t) = fR3 vf(v,t)dv, t >0.
Proof Let f(t) be the solution to (1.1) with f(0) = fy. From the above Proposition, there

exists C, > 0 such that sup,. | f(#)||Lr < C,, and Holder’s inequality implies that, for any
r>0,

p—1

4 4\ ”?
sup f,ndv<C,|—7r .
t>0 J{|lv—u(r)|<r} 3

Accordingly, there is some ry > 0 such that
1
/ f,)ydv<s -, Vr>0.
{lv—u(]<ro} 2
Then, for any ¢ > 0, recalling that fR3 f(,t)dv=1 forany ¢ >0,

/ F, Hv—u()]*dv z/ f(v,t)|v—u(t)|2dvzrg/ fv,1)dv
R3 {lv—u(®)[=ro}

{lv—u(®)[=ro}
2
2 o
> 7 (1—/ f(v,t)dv)z—
{fo—u(]<ro} 2

which concludes the proof. O

4.5 L'-Stability

As in [37], in order to prove the strong continuity of the semi-group (S;),>o associated to
(1.1), one has to provide an estimate of || f(t) — g(¢)| for two solutions f(¢) and g(¢) of
(1.1) with initial conditions f(0), g(0) in some subspace of L'. This is the object of the
following stability result, inspired by [37, Proposition 3.2] and [41, Proposition 3.4].

Proposition 4.7 (L!-stability) Let fy, g0 be two nonnegative functions of L% and let
f@),g(t) e CRT, L) N L®R*, L) be the associated solutions to (1.1). Then, there is
A > 0 depending only on sup,.q || f (1) + g(t)||L% such that

17 (@) =8l < Il fo — goll ) exp(Ar), ¥z =0.
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Proof Let h(t) = f(t) — g(¢). Then, h satisfies the following equation:

dh(, 1) =t{Q(f, f) — Qg. &} + L().,  h(0) = fo— go- (4.12)

As in [37, 41], the proof consists in multiplying (4.12) by ¥ (v, t) = sgn(h(v, 1)){v)?> and
integrating over R3. We get

i/ |h(v, H)|(v)2dv = I(@1) + L)
dt R3
where
1=t / (O f)— Qg W w.ndv  and  L(1) = / L) (v, )Y (v, 1) do.
R3 R3

To estimate the integral / (#) we resume the arguments of [41, Proposition 3.4] that we shall
need again later. According to (2.10)

1(1) = %/ﬂ@ /R} (fw, 0 f(w, 1) =g, H)gw, 1) Iq| A [¥ ()] (v, w) dwdv.

The change of variables (v, w) +— (w, v) implies that

(1) = % /RS /R3 (f, 1) =g, ) (f(w, 1) + g(w, 1) |q| A [ (D)](v, w) dw dv.
Moreover, it is easily seen from the definition of i that
(f(, 1) — g, 1) A [ (O](v, w)
1
< 1o 170 = g0l [ (W W) - wf? + w)?) do
JT s2?
<2|f(, 1) =g, )] (w)’
where we used the fact that A, [(-)?](v, w) = —% lg|> < 0. Therefore,

10 =7 [ [ a1 000 = 0.0 0+ 200.0) ) dod

< r/ (. 1) = g0, D) <v>2dv/ (Fw, 1) + g(w, 1) (w)? dw
R3 R3

i.e.
10 =t |f O+ fO =50, vi=0. (4.13)

On the other hand, recalling that £(h) (v, t) = Lt (h) (v, t) — v(v)h(v, t), from formula (3.3)
one has

L(t):f W(v,t)dv/ h(w, t)k(v, w)dw—/ ()|, H)]{(v)> dv
R3 R3 R3
5/ (v>2dv/ Ih(w,t)lk(v,w)dw—/ V()| (v, H)|(v)* dv,
R3 R3 R3
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ie. L(t) < [ps L(h])(v, 1)(v)* dv. Now, since [p; L(|h|)(v,1)dv = 0 for any h, one gets
that

L(r)s/ Lk, Dv] dv.
R3
Resuming the calculations performed in Sect. 4.2 (see (4.4)), one gets that
s 2k(1 — k) 3
L(hD @, D]"dv £ =———— [v—w| (v, N)|F(w) dvdw
R3 )\, R3 JR3
2K
+ —/ / lgl{g, —w)lh(v, 1)|Fi(w) dvdw
A R3 JR3
2Kk 2
< — lgI*lwllA(v, £)|F(w) dvdw.
}\. R3 JR3

This leads to

L(t) < 2—K<2/ |U|2|h(v,t)|dv/ |w|F1(w)dw+2/ |h(U,t)|dU/ |w|3F1(w)dw)
A R3 R3 R3 R3

and, setting ;. = % max{ [5; |w|Fy(w) dw, [5; [w’F(w) dw}, we get

L) <cs /R (. Ol0) dv=c. | £1) =8O -

Gathering (4.13) together with the latter estimate and denoting then A = T sup,. |l f(Z) +
g(t)llLé + ¢y, we get the estimate

d
GO =e0] =AlfO -], =0
and the proof is achieved. O

4.6 Well-Posedness of the Cauchy Problem

We are in position to prove that the Boltzmann equation (1.1) admits a unique regular solu-
tion in the following sense:

Theorem 4.8 (Existence and uniqueness of solution to the Cauchy problem) Take an initial
datum fy € L%. Then, for all T > 0, there exists a unique solution f € C([0,T]; L)) N
L0, T, L;) to the Boltzmann equation (1.1) such that f (v, 0) = fo(v).

Proof Let T > 0 be fixed. The uniqueness in C([0, T]; L%) NL*®0,T; L%) trivially follows
from Proposition 4.7. The proof of the existence is made in several steps, following the lines
of [41, Sect. 3.3], see also [29, 40].

Step 1. Let us first consider an initial datum f; € L}, and define the “truncated” collision
operators
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1
fR3 Q. (fs HY(v)dv = E/]I@ /R3 Ly i=mlg | f ) f(w) A [ ](v, w) dw do,
4.14)

1
/ﬁn(f)(v)w(v)dUZ—/ / Ligizmlglf (F1(w) Te[¥](v, w) dvdw
R3 )\. R3 JR3

for any regular test function . The operators Q,, and £, are bounded in any L ;, and they
are Lipschitz in Lé on any bounded subset of Lé. Therefore, following [1], we can use
the Banach fixed point theorem to get the existence of a solution 0 < f,, € C([0, T']; Lé) N
L*>(0, T, L"‘) to the Boltzmann equation o, f = tQ, (f, f) + L, (f). Thanks to the uniform
propagation of moments in Proposition 4.2, there exists a constant Cy > 0 (that does not
depend on n) such that

sup ”fn”L' SCT! Vn e N.
0.7] 4

Step 2. Let us prove that the sequence (f,), is a Cauchy sequence in C([0, T']; L%) N
L>*0,T; Li). For any m > n, writing down the equation satisfied by f,, — f, and multi-
plying it by ¥ (v, 1) = sgn(f,,(v,t) — f,(v,1)){(v)? as in the proof of Proposition 4.7, we
get

d 2
U [fa(v, 1) = [ (U, D))" dv = Ly o (1) + T (2)
1t R3
where
Im,n(t) =T /A%{Qm(fm’ fm) - Qn(fns fn)}W(Uy t) dv
R‘
and

(1) = /R3{£m(fm)(vs 1) = Ly(f) (v, )} (v, 1) dv.

We begin by estimating I,,,, (). It is easy to see that 1,,,(t) = I, ,(t) + 1%, (t) where

m,n

3@ =5 [ [ (500 0.0 = 0.0 0,0 B Ay D)0, ) s,
R3 JR3
while

B0 =5 [ [ Bt = Bu@) 000 £ 0 D A0, ) du i,

where B, (q) = |q|14/<n)- Arguing as in the proof of (4.13), we get easily that
UMORESAVACE A FAOESA0! R0
The estimate of I,fm () is more involved. One observes first that
Bu(q) = Bu(@) = 1q 1 n=igizm) = 191 (Ljozn/2) + Lwizn/2) -

As in the proof of Proposition 4.7, one has

A Y (01w, w) < i/ (V)7 4 (W")? + () + (w)?) do <2 ((v)* + (w)?)

S2
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and, since |¢| < (v)(w), one gets

1,,2, =T /3 /W So, D) fu(w, D)|q] (1{\1/\211/2} + 1{\11/\2)1/2}) ((U)2 + (w)z) dwdv
<t [ [ AODAD0H0) (@0 0) (o + L) oo

It is not difficult to deduce then that

2 (r><4r(/ v, )(/ £, 00 Loz d )

Since supyg 77 [ fn @) L) = Cr for any n € N, the latter integral is estimated as

dv 2C
/ Fu0, 00 Lz dv < / Fu0, 0 L oy 2 < 2T

v) n

/-\

and we get
2Cy  8C2
Ly, (D) s4r(/ fm(v,t)<v>3dv>—T <=L Vie[0,T1, m=n.
’ R3 n n
Therefore,

2
L (1) < 20Cr | fu(0) = fin L Viel0, Tl m>n.  (4.15)

We proceed in the same way with J,, ,,(¢). First, we notice that J,, ,(t) splits as J,, ,(¢) =
I @)+ J2 (1) with

1
Jon () = X/ / Bu(q) [0, 1) = fu(, D]F1 () T, [¥()] (v, w) dv dw
R3 JR3
and
1
ROES / % / [B4(@) = Bu(@)] o0, DF1 () T [¥(D)] (0. w) dv dw.
R3 JR
Arguing as in the proof of Proposition 4.7, we get
2
VAR0 5/ Lol fu = ful @, 0)(0)2dv < —”/ / g Plwll(fo = ), 0)[Fy (w) dvdw
R3 A R3JR3
and there exists a positive constant ¢, such that

I @ < e[ fo@ = fu®ll 1, V1 €[0,T1.

Let us now estimate J,fl’n (). As above,

Jo () = //Iqll{n<\q\<m}fn(v OF ()7, [¥ ()] (v, w) dvdw
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and
Te [¥ (0] (vw)<—/|q 0| (v")* + (v)%) dn= 7 [(: +—/|q n|{v
Calculations already performed lead then to

T [v®] v, w) < =2k (g, w) +2(v)* <2 (()(w)* + (v)?), Yv,weR’.

Finally,
‘Izi n(ﬂ = f / |q|1“q‘>n fn(v HF(w) (< )( > <U)2) dw dv
= X/ / Ljgzm fu (0, HF () ((0) (W) + (v)* (w)?) dw dv.
R3 JR3

Now, arguing as we did for I2,(t), there exists some constant Cr that depends only on
|| Fy ”Li and sup,, supyo 7y || fu (t)”Li such that

¢
J2 <=L, VYm>n, tel0,T].
n

m.n

Gathering all these estimates, we obtain the existence of constants C;(7T") and C,(T') that do
not depend on m, n such that

d 2
E/n@ | fu(, 1) = fin (v, D)](v)"dv

Co(T
<Dl fu() = fn 2}5 ),

Viel0,T], m>n.

This ensures that (f,,), is a Cauchy sequence in C([0, T']; Lé). Denoting by f its limit, we
obtain that f € C([0, T]; L) N L>(0, T; L}) is a solution to the Boltzmann equation (1.1)
(with the actual collision operators Q and £).

Step 3. When the initial datum f) € Lé, we introduce the sequence of initial data
fo.j = folyu<j. Since fo ; € L}, we have the existence of a solution f; € C([0, T]; L}) N
L>*0,T; L}‘) to the Boltzmann equation associated to the initial datum f; ;. Moreover,
there exists Cr such that supyy 7y I| f; ||L% < Cr. We establish again that (f;); is a Cauchy

sequence in C([0, T']; L}) by using the L'-stability in Proposition 4.7. O
5 Existence of Non-Trivial Stationary State

All the material of the previous sections allows us to state our main result:

Theorem 5.1 (Existence of stationary solutions) For any distribution function F,(v) satis-
fying Assumption 2.1 and any T > 0, there exists a nonnegative F € LN L?, p € (1, 00)

with unit mass and positive temperature such that tQ(F, F) + L(F) =

Proof As already announced, the existence of stationary solution to (1.1) relies on the ap-
plication of Lemma 2.4 to the evolution semi-group (S;),>0 governing (1.1). Namely, for
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Equilibrium Solution to the Inelastic Boltzmann Equation 865

fo€ L', let f(t) =S, fy denote the unique solution to (1.1) with initial state f(0) = f. The
continuity properties of the semi-group are proved by the study of the Cauchy problem, re-
called in Sect. 4. Let us fix p, € (1, 00). On the Banach space ) = L}, thanks to the uniform
bounds on the L} and L”’ norms, the nonempty convex subset

ZZ{OSfGy, f}fdv:land||fI|Lg+||f||u>oSM}
- 3

is stable by the semi-group provided M is big enough. This set is weakly compact in ) by
Dunford-Pettis Theorem, and the continuity of S, for all # > 0 on Z follows from Propo-
sition 4.7. Then, Lemma 2.4 shows that there exists a nonnegative stationary solution to
(1.1) in L; M LPe with unit mass. In fact, the uniform in time L” bounds also imply the
boundedness of F in L? for all p € (1, 00). O

As a corollary of Theorem 5.1, choosing T = 0 allows us to prove the existence of a
steady state to the linear inelastic scattering operator £ when the distribution function of
the background is not a Maxwellian, generalizing the result of [34, 36, 44].

Corollary 5.2 Let F| satisfy Assumption 2.1. Then, the linear inelastic scattering operator
L defined by (2.13) admits a unique nonnegative steady state F € L; NL?, pe(l,oc0),with
unit mass and positive temperature.

Proof The existence of a nonnegative equilibrium solution F € L; is a direct application
of Theorem 5.1 with T = 0. A simple application of Krein-Rutman Theorem implies the
uniqueness of the stationary solution F* within the range of nonnegative distributions with
unit mass. d

Remark 5.3 (H-Theorem and Trend Towards Equilibrium) As in [34], it is possible to prove
a linear version of the classical H-Theorem for the linear inelastic Boltzmann equation (1.1)
witht =0

& f =L, fae=0=fyelL". (GRY;

Namely, for any convex C ! function ® : Rt — R, let

_ @) :
H¢(f|F)_/R3F(v)<I><F(v)) dv, felL.

Arguing as in [34], it is easy to prove that, if the initial state f; has unique mass and finite
entropy He (fo|F) < 0o, then

d
G He(fOIF) =0 (1=0) (52

where f(¢) stands for the (unique) solution to (5.1). Moreover, still arguing as in [34], one
proves that if moreover fR3(1 + 02 4 |log fo(w)]) fo(v) dv < oo, then

lim / |f(v,t) — F(v)|dv=0.
R3

t—00
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6 Regularity of the Steady State

In this final section, our aim is to establish the existence of some smooth stationary solution
to (1.1). Namely, adopting the strategy of [37, Sect. 4.1], we prove

Theorem 6.1 (Regularity of stationary solutions) There exists a stationary solution F to the
Boltzmann equation
TQ(F, F)+ L(F)=0
that belongs to C*(R?).
We shall follow the same lines of [43, Theorem 5.5] and [37, Sect. 3.6], from which we

deduce the exponential decay in time of singularities and thus the smoothness of stationary
solutions. This proof needs the following ingredients:

i) The stability result already proved in Proposition 4.7.
ii) An estimate on the Duhamel representation [37, Proposition 3.4] of the solution to (1.1)
(see Proposition 6.2).
iii) A result of propagation of Sobolev norms (see Proposition 6.3).

Let us first extend the regularity estimate of [37, Proposition 3.4] to our situation. Recall
that (see Sect. 4.1), for fy € L_%, the unique solution f(¢) to (4.1) is given by the following
Duhamel representation:

S, )= fo(v)G(v,0,1) + / (TQT (/s H+ L)) (v,9)G(v,s,1)ds (6.1
0
where we set

G(v,s,t):exp(—/ E(f)(v,r)dr) 0<s<t, veR

Proposition 6.2 There are some positive constants Cpyn, K such that for any k € N and
n > 0 we have

1fo()G(, 0, D)l yr+1 < Coue™™ ||f0||Hk+l(Sup £ r)||,,k +sup £, r>||"”)

0<r=<t 0<r=<t
(6.2)
and
H f G(ys,0)(xQ(f, /) + L)), 5)ds
0 Hr]7<+
< Cpun (Osup e, r)||sz+ sup 17 ¢ r)||k+3 ) (6.3)

Proof The proof is quite similar to [43, Proposition 5.2]. Here, for simplicity we have done
it for natural k, although it is simple to generalize it to k > O by interpolation. Precisely, for
any f € L' define

L(f)(v) =/ v —w|f(w)dw.
]R3
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It is clear that
S(Hw)=Lf+F)w), Vfel'

Now, according to [27, Lemma 4.3], for any given k > 0 and any é > 3/2, the linear operator
L : Hf — Wkt
is bounded, i.e. for any § > 3/2 and any k > 0, there exists Cy s such that
1Lyt < Cuoliglye. Vg € Hy.
Let us fix now k € N and § > 3/2. Since F; € Hf due to Assumption 2.1, one deduces that
1=y <CIf +Fillge, VS € Hf

where, as in the rest of the proof, we shall denote any positive constant independent of f
and possibly dependent on F; by C. Setting

F(v,s,t) :/ 2(f)(v,r)dr,

one sees that

‘ 172
IIF(-,s,t)IIWﬁl,ocSC«/I—S</ ||f(nr)||i,5kdr> +CA=9)Filly, O<s<r

Now, since L(g) > 0 for any g > 0, according to Assumption 2.1 and (2.15), we see that
there exists some constant y > 0 such that

(f)(w) = LEF)@W)>x, Yfel', f>0, YveR’.

By taking the successive derivatives of G (v, s, t) = exp(—F (v, s,1)), one gets as in [43,
Proposition 5.2]

1 *k+1)/2
IGCos. D)llyre = Ce (= [vr - S(/ IfCs r)lli,ak dr) + (¢ = ) IF | g + 1}

< Ce K0 (1 + sup ||f(-,r>||§;k‘>, (64)
8

s<r=t

for some 0 < K < x. Then, we shall use the following estimate [43, Lemma 5.3] that allows

to exchange a time integral and a Sobolev norm:
1 / 1/2
<— (/ e Z (., s)||2z ds) , YA>0, VL, reR.
0

Z(-,s)d
/ R

As a consequence we have for any k > 0,

/0 (tQ (£, )+ L)) 9)G (s, 1)ds

k1
H’l
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<C [A eK=9) <HTQ+(fa f)(’s)”zyl,:rl] + “L‘*’(f)(’s)"i{:il])

172
x |G, s, ¢t 2 w ds .
1GC. 5.0l }

Recall now the so-called Bouchut-Desvillettes-Lu regularity result in Propositions 3.1
and 3.2:
+ < [ 2 2 ]
197 Py < CLIF I +IS1
and
+
l£* Ol = C IRt 1 N, + WF Dy 1 F Ly ]

Arguing now as in [43, Proposition 5.2] and using the estimate (6.4) with the choice § =

n 4+ 3, we get

H/O (TQ"(fs H+ L), )G, s, 1)ds

k+1
Hy

, 5 12
sc[ f K £ e*2K<H>(1+ sup ||f(-,r>||§;£> ds}
0 n+3 +3

s<r=t

< Cmax < sup £ ¢ sup ILFCrI5E )
n+3 n+3

O<r=<t O<r=<t

which proves (6.3). The proof of (6.2) is similar. O

A direct consequence of the previous result together with the uniform L2 bounds is
the uniform in time propagation of Sobolev norms. The proof is carried on exactly as in
[37, Proposition 3.5].

Proposition 6.3 Let F; satisfy Assumption 2.1. Let fo € L}, fo > 0 with unit mass and
let f be the unique solution of the Boltzmann equation (1.1) in C(R*; L%) N L®R*; L;)
associated with fy. Then, for all s > 0 and n > 1, there exists w(s) > 0 such that

fOeH;7Y+u) - SUP”f(,f)”H,; < +o00.
=0

The previous ingredients allow to proof the following theorem, see [43, Theorem 5.5] for
the proof.

Theorem 6.4 (Exponential decay of singularities) Let fo € LY N L? with unit mass and
let f be the unique solution of the Boltzmann equation (1.1) in C(R™; L;) N L>®[RT; Lé)
associated with fy. Let ¥y satisfy Assumption 2.1. Let s > 0, g > 0 be arbitrarily large. Then
f splits into the sum of a regular and a singular part f = fr + fs where

Sup“fR(t)”H;mL%<+oov fR ZO
>0

D>0: | fsly=0().
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Proof The proof is easily adapted from [37, Theorem 3.6] since the L'-stability result
(Proposition 4.7), the Duhamel representation (Proposition 6.2), the uniform propagation
of Sobolev norms (Proposition 6.3) allow to adapt directly [43, Theorem 5.5]. ]

Finally, Theorem 6.4 allows to prove the main Theorem 6.1.

Acknowledgements JAC acknowledges the support from the project MTM2008-06349-C03-03 DGI-MCI
(Spain). JAC and MB acknowledge partial support of the Acc. Integ. program HI2006-0111. MB acknowl-
edges support also from MIUR (Project “Non-conservative binary interactions in various types of kinetic
models”), from GNFM-INdAM, and from the University of Parma. JAC acknowledges IPAM-UCLA where
part of this work was done. Finally, BL wishes to thank Clément Mouhot for fruitful discussions.

References

—

. Arkeryd, L.: On the Boltzmann equation. Arch. Ration. Mech. Anal. 34, 1-34 (1972)

2. Arkeryd, L.: L®-estimates for the spatially homogeneous Boltzmann equation. J. Stat. Phys. 31, 347
361 (1983)

3. Arlotti, L., Lods, B.: Integral representation of the linear Boltzmann operator for granular gas dynamics
with applications. J. Stat. Phys. 129, 517-536 (2007)

4. Bagland, V., Laurencot, P.: Self-similar solutions to the Oort-Hulst-Safronov coagulation equation.
SIAM J. Math. Anal. 39, 345-378 (2007)

5. Ben-Naim, E., Krapivski, P.: Multiscaling in inelastic collisions. Phys. Rev. E 61, R5-R8 (2000)

6. Ben-Naim, E., Krapivski, P.: Nontrivial velocity distributions in inelastic gases. J. Phys. A 35, L147-
L152 (2002)

7. Biben, Th., Martin, Ph.A., Piasecki, J.: Stationary state of thermostated inelastic hard spheres. Physica
A 310, 309-324 (2002)

8. Bisi, M., Spiga, G.: Fluid-dynamic equations for granular particles in a host-medium. J. Math. Phys. 46,
113301 (2005)

9. Bisi, M., Spiga, G.: Dilute granular flows in a medium. Transp. Theory Stat. Phys. 36, 79—105 (2007)

10. Bisi, M., Carrillo, J.A., Toscani, G.: Contractive Metrics for a Boltzmann equation for granular gases:
Diffusive equilibria. J. Stat. Phys. 118, 301-331 (2005)

11. Bisi, M., Carrillo, J.A., Toscani, G.: Decay rates in probability metrics towards homogeneous cooling
states for the inelastic Maxwell model. J. Stat. Phys. 124, 625-653 (2006)

12. Bizon, C., Shattuck, M.D., Swift, J.B., Swinney, H.L.: Transport coefficients for granular media from
molecular dynamics simulations. Phys. Rev. E 60, 4340—4351 (1999)

13. Bobylev, A.V.: Fourier transform method in the theory of the Boltzmann equation for Maxwellian mole-
cules. Dokl. Akad. Nauk USSR 225, 1041-1044 (1975)

14. Bobylev, A.V., Cercignani, C.: Moment equations for a granular material in a thermal bath. J. Stat. Phys.
106, 547-567 (2002)

15. Bobylev, A.V., Cercignani, C.: Self-similar asymptotics for the Boltzmann equation with inelastic and
elastic interactions. J. Stat. Phys. 110, 333-375 (2003)

16. Bobylev, A.V., Gamba, I.: Boltzmann equations for mixtures of Maxwell gases: exact solutions and
power like tails. J. Stat. Phys. 124, 497-516 (2006)

17. Bobylev, A.V., Carrillo, J.A., Gamba, I.: On some properties of kinetic and hydrodynamic equations
for inelastic interactions. J. Stat. Phys. 98, 743—773 (2000); Erratum on: J. Stat. Phys. 103, 1137-1138
(2001)

18. Bobylev, A.V., Gamba, 1., Panferov, V.: Moment inequalities and high-energy tails for the Boltzmann
equations with inelastic interactions. J. Stat. Phys. 116, 1651-1682 (2004)

19. Bobylev, A.V., Cercignani, C., Gamba, L.: On the self-similar asymptotics for generalized non-linear
kinetic Maxwell models. Commun. Math. Phys. (2008, to appear)

20. Bouchut, F., Desvillettes, L.: A proof of the smoothing properties of the positive part of Boltzmann’s
kernel. Rev. Mat. Iberoam. 14, 47-61 (1998)

21. Brilliantov, N.V., Poschel, T.: Kinetic Theory of Granular Gases. Oxford University Press, London
(2004)

22. Carlen, E.A., Carrillo, J.A., Carvalho, M.C.: Strong convergence towards homogeneous cooling states
for dissipative Maxwell models. Ann. Inst. Henri Poincaré Anal. Non Linéaire (2008, to appear)

23. Carrillo, J.A., Toscani, G.: Contractive probability metrics and asymptotic behavior of dissipative kinetic

equations. Riv. Mat. Univ. Parma (7) 6, 75-198 (2007)

@ Springer



870

M. Bisi et al.

24.

25.

26.

217.

28.

29.

30.

31.

32.

33.

34.

35.

36.

37.

38.

39.

40.

41.

42.

43.

44,
45.

Carrillo, J.A., Cercignani, C., Gamba, I.: Steady states of a Boltzmann equation for driven granular
media. Phys. Rev. E 62, 7700-7707 (2000)

Carrillo, J.A., Di Francesco, M., Toscani, G.: Intermediate asymptotics beyond homogeneity and self-
similarity: long time behavior for u; = A¢ (u). Arch. Ration. Mech. Anal. 180, 127-149 (2006)
Desvillettes, L.: About the use of the Fourier transform for the Boltzmann equation. Riv. Mat. Univ.
Parma (7) 2, 1-99 (2003)

Duduchava, R., Kirsch, R., Rjasanow, S.: On estimates of the Boltzmann collision operator with cut-off.
J. Math. Fluid Mech. 8, 242-266 (2006)

Escobedo, M., Mischler, S., Rodriguez Ricard, M.: On self-similarity and stationary problem for frag-
mentation and coagulation models. Ann. Inst. Henri Poincaré Anal. Non Linéaire 22, 99—-125 (2005)
Fournier, N., Mischler, S.: A spatially homogeneous Boltzmann equation for elastic, inelastic, and coa-
lescing collisions. J. Math. Pures Appl. 84, 1173-1234 (2005)

Gamba, 1., Panferov, V., Villani, C.: On the Boltzmann equation for diffusively excited granular media.
Commun. Math. Phys. 246, 503-541 (2004)

Lions, P.-L.: Compactness in Boltzmann’s equation via Fourier integral operators and applications 1.
J. Math. Kyoto Univ. 34, 391-427 (1994)

Lions, P-L.: Compactness in Boltzmann’s equation via Fourier integral operators and applications II.
J. Math. Kyoto Univ. 34, 429-461 (1994)

Lions, P.-L.: Compactness in Boltzmann’s equation via Fourier integral operators and applications III.
J. Math. Kyoto Univ. 34, 539-584 (1994)

Lods, B., Toscani, G.: The dissipative linear Boltzmann equation for hard spheres. J. Stat. Phys. 117,
635-664 (2004)

Lu, X.: A direct method for the regularity of the gain term in the Boltzmann equation. J. Math. Anal.
Appl. 228, 409-435 (1998)

Martin, P.A., Piaceski, J.: Thermalization of a particle by dissipative collisions. Europhys. Lett. 46, 613—
616 (1999)

Mischler, S., Mouhot, C.: Cooling process for inelastic Boltzmann equations for hard spheres, Part II:
Self-similar solution and tail behavior. J. Stat. Phys. 124, 703-746 (2006)

Mischler, S., Mouhot, C.: Stability, convergence to self-similarity and elastic limit for the Boltzmann
equation for inelastic hard spheres. Commun. Math. Phys. (2007, to appear)

Mischler, S., Mouhot, C.: Stability, convergence to the steady state and elastic limit for the Boltzmann
equation for diffusively excited inelastic hard spheres. Discrete Continuous Dyn. Syst. Ser. A (2007, to
appear)

Mischler, S., Wennberg, B.: On the spatially homogeneous Boltzmann equation. Ann. Inst. Henri
Poincaré Anal. Non Linéaire 16, 467-501 (1999)

Mischler, S., Mouhot, C., Rodriguez, R.M.: Cooling process for inelastic Boltzmann equations for hard
spheres, Part I: The Cauchy problem. J. Stat. Phys. 124, 655-702 (2006)

Mouhot, C.: Etude mathématiques de quelques équations cinétiques collisionnelles. Ph.D. thesis, Ecole
Normale Supérieure Lyon, France (2004)

Mouhot, C., Villani, C.: Regularity theory for the spatially homogeneous Boltzmann equation with cut-
off. Arch. Ration. Mech. Anal. 173, 169-212 (2004)

Spiga, G., Toscani, G.: The dissipative linear Boltzmann equation. Appl. Math. Lett. 17, 295-301 (2004)
Villani, C.: Mathematics of granular materials. J. Stat. Phys. 124, 781-822 (2006)

@ Springer



	Equilibrium Solution to the Inelastic Boltzmann Equation Driven by a Particle Bath
	Abstract
	Introduction
	Preliminaries
	The Kinetic Model
	Proof of Stationary States: Basic Tools and Strategy

	Regularity of Gain Operators
	Regularity Estimates for the Cauchy Problem
	Nonnegativeness of the Solution
	Evolution of Mean Velocity and Temperature
	Propagation of Moments
	Propagation of Lebesgue Norms
	L1-Stability
	Well-Posedness of the Cauchy Problem

	Existence of Non-Trivial Stationary State
	Regularity of the Steady State
	Acknowledgements
	References



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (ISO Coated v2 300% \050ECI\051)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Perceptual
  /DetectBlends true
  /DetectCurves 0.1000
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 150
  /ColorImageMinResolutionPolicy /Warning
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 150
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 150
  /GrayImageMinResolutionPolicy /Warning
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 150
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /GrayImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 600
  /MonoImageMinResolutionPolicy /Warning
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e55464e1a65876863768467e5770b548c62535370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc666e901a554652d965874ef6768467e5770b548c52175370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA (Utilizzare queste impostazioni per creare documenti Adobe PDF adatti per visualizzare e stampare documenti aziendali in modo affidabile. I documenti PDF creati possono essere aperti con Acrobat e Adobe Reader 5.0 e versioni successive.)
    /JPN <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020be44c988b2c8c2a40020bb38c11cb97c0020c548c815c801c73cb85c0020bcf4ace00020c778c1c4d558b2940020b3700020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken waarmee zakelijke documenten betrouwbaar kunnen worden weergegeven en afgedrukt. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU <>
  >>
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [595.276 841.890]
>> setpagedevice


